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The scenario: Sun-Jupiter-Asteroid + configuration
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* Easy model

* Solution

* Solution (step integration )



The scenario: Sun-Jupiter-Asteroid + configuration
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* Example:  a propagation over 10 years by second.

* One object (Asteroid, Space Debris, other)  Size 

 One billion 



The scenario: Sun-Jupiter-Asteroid + configuration
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*Classification of the variables and their associated parameters for the system of differential equations 
defined



The scenario: Sun-Jupiter-Asteroid configuration
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Orbital Keplerian model : Sun-Jupiter

Orbital Dynamical Models

Orbital Perturbed model 


Sun-Jupiter-Asteroid. 



The scenario: Sun-Jupiter-Asteroid configuration
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View of the Night Sky
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 In    there are  9744 objects cataloged 
until 2025

<latexit sha1_base64="jR+yPjAIWFLruIVVoBQHi1zdPwE=">AAAB53icdVDLSsNAFL2prxpfVZduBovgKqTp013RjQsXFewD2lAm00k7dvJgZiKU0G/Qlag7/8cf8G+c1AoqelbnnnMu3HO9mDOpbPvdyK2srq1v5DfNre2d3b3C/kFHRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3pReZ376iQLApv1CymboDHIfMZwUpLnath1TTNYaFoW2eNmlN1kG3Zdt0p1zLi1CtOGZW0kqEIS7SGhbfBKCJJQENFOJayX7Jj5aZYKEY4nZuDRNIYkyke076mIQ6odNPFtXN04kcCqQlFi/l7NsWBlLPA05kAq4n87WXiX14/UX7DTVkYJ4qGREe05yccqQhlpdGICUoUn2mCiWD6SkQmWGCi9Guy+l8d0f+k41ilmlW5rhSb58tH5OEIjuEUSlCHJlxCC9pA4BYe4BleDGbcG4/G02c0Zyx3DuEHjNcPw6mLlg==</latexit>

L5

 In     there are 5561 objects  cataloged 
until 2025
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✴Jupiter Trojan population. 

✴Jupiter Greek population.

✴ Except for Pratroclus (Greek), who is at       , and Achilles (Trojan) is at       .  
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Trojan and Greek Camp Regions of Jupiter

There are 15311 objects cataloged as Jovians Trojans until 2025.

Scheirich, 2005

Jupiter Trojans are populations that orbit around the L4 and L5 
Lagrange points of Jupiter, which are located 60° in front of and 
behind Jupiter, respectively.  

They are contained within Jupiter’s 1:1 mean motion resonance, 
with Jupiter having a semimajor axis of 5.2 au

Take into account the Sun-Jupiter-Asteroid problem.

Jorba, Nicolás & Rodríguez, (2024).  
A dynamical study of Hilda asteroids in 

the Circular and Elliptic RTBP
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The scenario: Sun-Jupiter-Asteroid configuration
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The scenario: Sun-Jupiter-Asteroid + configuration
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Which orbital dynamical models are being considered?



The scenario: Jovian Asteroid trajectories
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The scenario: Jovian Asteroid trajectories
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The scenario: Sun-Jupiter-Asteroid + configuration
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The scenario: Sun-Jupiter-Asteroid + configuration
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Distribution of Orbital Elements of the Trojan Asteroids

4.8 5.0 5.2 5.4
0

500

1000

1500

2000

2500

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0

500

1000

1500

2000

0 10 20 30 40
0

500

1000

1500

0 50 100 150 200 250 300 350
0

100

200

300

400

500

600

0 50 100 150 200 250 300 350
0

100

200

300

400

500

600

0 50 100 150 200 250 300 350
0

200

400

600

800

1000

1200

1400

II Workshop de Investigación del Centro de ESenCIa. Valencia, April 2026, Spain.                                                                                                                     Lacruz, E. & Casanova, D.



Distribution of Orbital Elements of the Greek Asteroids
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Distribution Eccentricity vs Semi-major axis
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Tisserand Criterion

When 

This equation defines a 
locus in the           phase 
space.



Aim and Methodology

1.- Data (https://ssd.jpl.nasa.gov/planets/orbits.html)

1.1 Jupiter Trojan Clouds (Tojan Camp and Greek Camp)


2.- Propagation:

2.1. Orbital model that represents the orbital dynamics as accurately as possible. 

2.2. Propagator (Tool) named OrbitSAT (Abad & Lacruz, (2013)) to obtain discretized perturbed orbits.

2.3. Solver the Kepler equation (Calvo, et.al (2026)) -> Padé and Hermite approximations


3.- Algorithms: 

3.1. Computation of the maximun of the minimun distances between each pair of dicretized orbits 
(Lacruz & Casanova, (2024), Lacruz & Casanova, (2026)).


4.- Metric: 

4.1. Determine a threshold distance which will allow us to identify the potential leaders and the pieces 
associated with them. Statistical Spatial Distribution.


Determine leaders and associated objects: Trojan and Greek camps 
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Propagation of Orbtis
2.3.  Use the JPL ephemerides (this is incorporated into OrbitSAT )


2.4. Time-Discretized Orbits with daily step.  
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Propagation of Orbtis

Input

Orbital elemets Perturbed Orbital 
Model

Propagation of 
Orbits

Output

.


.


.


 15311 

OrbitSAT
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.
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.


.


.
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Our first situation.

Computational
Time-Cost-Efficiency

 Time- Complexity
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Time-Discretized Orbits with daily step (OrbitSAT)

Objects    Ephemerides (Rows)              Position (3), Velocity (3),                               Time-CPU

                                        Orbital Period (1), Time (1).    


15311           65.837.300                            4.608.861.100                                           54mm 46 ss

SEQUENTIAL FORM

PARALLEL FORM (OpenMP)

Objects    Ephemerides (Rows)       Position (3), Velocity (3),                Time-CPU.         Kernel-CPU

                                  Orbital Period (1), Time (1).    


15311           65.837.300                       4. 608.861.100                         24mm 36ss         4 Efficiency 

                                                                                                                                           4 Performance


                                                                                                                     Mac AM2
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Distribution Inclination vs RAAN
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Discretizing into bins Discretizing into bins

There are a dependency between both orbital elements: The 
secular resonance 

<latexit sha1_base64="JD1roY9jM/4jOPSdSfi/CaQ9L2g=">AAACA3icbVDLSsNAFJ34rPEVdelmsAhuLImU6qZQdOPOCvYBTQmT6W07dPJgZiKUkKX+jK5E3fkH/oB/46Rmoa1nde495w5zjh9zJpVtfxlLyyura+ulDXNza3tn19rbb8soERRaNOKR6PpEAmchtBRTHLqxABL4HDr+5CrXO/cgJIvCOzWNoR+QUciGjBKlV56F3TDxUqeW1bE7iFTq3gQwItmp9Gp1u2KapmeV7Yo9A14kTkHKqEDTsz71QzQJIFSUEyl7jh2rfkqEYpRDZrqJhJjQCRlBT9OQBCD76SxJho+HkcBqDHg2//amJJByGvjaExA1lvNavvxP6yVqeNFPWRgnCkKqLVobJhyrCOeF4AETQBWfakKoYPqXmI6JIFTp2vL4znzYRdI+qzi1SvW2Wm5cFkWU0CE6QifIQeeoga5RE7UQRY/oGb2hd+PBeDJejNcf65JR3BygPzA+vgH5QpWx</latexit>

ω16 = !̇→ s6 = 0.
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Segmentation algorithms: Generating Bins

<latexit sha1_base64="A88RBLCAH11UuEr+j4e8Q/Z8rmI=">AAACAXicbVDLSsNAFJ3UV62vqEtBBosgKCGRom6EUjcuK9oHNKFMppN26OTBzI1QQlb6M7oSdecv+AP+jdPahbae1bn3nAv3HD8RXIFtfxmFhcWl5ZXiamltfWNzy9zeaao4lZQ1aCxi2faJYoJHrAEcBGsnkpHQF6zlD6/GeuueScXj6A5GCfNC0o94wCkBveqa+25IYMAhq3WzW8jzyyE+xq6I++5JJ/Ksrlm2LXsCPE+cKSmjKepd89PtxTQNWQRUEKU6jp2AlxEJnAqWl9xUsYTQIemzjqYRCZnyskmOHB8GscQwYHgy//ZmJFRqFPraM/5XzWrj5X9aJ4Xgwst4lKTAIqotWgtSgSHG4zpwj0tGQYw0IVRy/SWmAyIJBV1aScd3ZsPOk+ap5ZxZlZtKuVqbFlFEe+gAHSEHnaMqukZ11EAUPaJn9IbejQfjyXgxXn+sBWN6s4v+wPj4BpIQlj0=</latexit>

BSt = k + log [n].

Bins rule

Sturges:
Number of objects in each bin
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<latexit sha1_base64="Cu/iwUm4cZPUrA4p2ibEDWSfRqg=">AAACAXicbVDLSsNAFJ3UV62vqEtBBovgQkpSi7oRSt24rGIf0IQymU7boZOHMzdCCVnpz+hK1J2/4A/4N05qF9p6Vufecy7cc7xIcAWW9WXkFhaXllfyq4W19Y3NLXN7p6nCWFLWoKEIZdsjigkesAZwEKwdSUZ8T7CWN7rM9NY9k4qHwS2MI+b6ZBDwPqcE9Kpr7js+gSGHpNZNbtL0ouwcO+pOQufETYK01DWLVsmaAM8Te0qKaIp61/x0eiGNfRYAFUSpjm1F4CZEAqeCpQUnViwidEQGrKNpQHym3GSSI8WH/VBiGDI8mX97E+IrNfY97cn+VbNatvxP68TQP3cTHkQxsIBqi9b6scAQ4qwO3OOSURBjTQiVXH+J6ZBIQkGXVtDx7dmw86RZLtmnpcp1pVitTYvIoz10gI6Qjc5QFV2hOmogih7RM3pD78aD8WS8GK8/1pwxvdlFf2B8fAN6fZbX</latexit>

BR = 2 3
→
n.

Rice:



Segmentation algorithms: Generating Bins

Number of objects in each bin
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Our second situation.

Orbital Pair 
Discretization 

Method
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(OrbitSAT- GME - Unizar)

  Algorithm: maximum of the minimum distances between orbits

Orbits

Minimun distances

Maximun

asteriod
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Example: Bins #30 for Trojans
Bin # 30. n= 209 objects.

Ephemeris files
Method

Output 
M-m-d

. . .

<latexit sha1_base64="qgdfIdncQfHx+zfNkqD8qkISYBU=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4KokRdSNUHTjsoL9gTaUyfSmGTvJhJmJUEIfQVei7nwhX8C3MalZaOtZfXPPGbjnerHg2tj2l1VaWV1b3yhvVra2d3b3qvsHHS0TxbDNpJCq51GNgkfYNtwI7MUKaegJ7HqTm9zvPqLSXEb3ZhqjG9JxxH3OqMlHD1eNyrBas+v2XGQZnAJqUKg1rH4ORpIlIUaGCap137Fj46ZUGc4EziqDRGNM2YSOsZ9hREPUbjrfdUZOfKmICZDM37+zKQ21noZelgmpCfSilw//8/qJ8S/dlEdxYjBiWSTz/EQQI0lemYy4QmbENAPKFM+2JCygijKTHSav7yyWXYZOo+6c18/uzmrN6+IQZTiCYzgFBy6gCbfQgjYwCOAZ3uDdGltP1ov1+hMtWcWfQ/gj6+Mb7mqLIw==</latexit>

j = 2

<latexit sha1_base64="xQ8L/BhdS2EbOVdLFEt84EMloZQ=">AAAB53icbZDLTsJAFIZP8YZ4Q126mUhMXJGWEC8LE6Ibl5gIkkBDpsMpDEwvmZmakIZn0JVRd76PL+DbOMUuFPxX35z/n+T8x4sFV9q2v6zCyura+kZxs7S1vbO7V94/aKsokQxbLBKR7HhUoeAhtjTXAjuxRBp4Ah+8yU3mPzyiVDwK7/U0Rjegw5D7nFFtRu3xVc2+LPXLFbtqz0WWwcmhArma/fJnbxCxJMBQM0GV6jp2rN2USs2ZwFmplyiMKZvQIXYNhjRA5abzbWfkxI8k0SMk8/fvbEoDpaaBZzIB1SO16GXD/7xuov0LN+VhnGgMmYkYz08E0RHJSpMBl8i0mBqgTHKzJWEjKinT5jRZfWex7DK0a1XnrFq/q1ca1/khinAEx3AKDpxDA26hCS1gMIZneIN3i1tP1ov1+hMtWPmfQ/gj6+Mb1zyLoA==</latexit>

j = 209

<latexit sha1_base64="aZCD6ntw3sCCg2AjZoyH8vp5qts=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJiLoRim5cVrAXaEOZTE+aoZMLMydCKX0EXYm684V8Ad/GpGahrf/qm/P/A+c/XqKkIdv+skorq2vrG+XNytb2zu5edf+gbeJUC2yJWMW663GDSkbYIkkKu4lGHnoKO974Nvc7j6iNjKMHmiTohnwUSV8KTvlofO1UBtWaXbfnYsvgFFCDQs1B9bM/jEUaYkRCcWN6jp2QO+WapFA4q/RTgwkXYz7CXoYRD9G40/muM3bix5pRgGz+/p2d8tCYSehlmZBTYBa9fPif10vJv3KnMkpSwkhkkczzU8UoZnllNpQaBalJBlxomW3JRMA1F5QdJq/vLJZdhvZZ3bmon9+f1xo3xSHKcATHcAoOXEID7qAJLRAQwDO8wbs1sp6sF+v1J1qyij+H8EfWxzfubIsj</latexit>

k = 1

Input

<latexit sha1_base64="aZCD6ntw3sCCg2AjZoyH8vp5qts=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJiLoRim5cVrAXaEOZTE+aoZMLMydCKX0EXYm684V8Ad/GpGahrf/qm/P/A+c/XqKkIdv+skorq2vrG+XNytb2zu5edf+gbeJUC2yJWMW663GDSkbYIkkKu4lGHnoKO974Nvc7j6iNjKMHmiTohnwUSV8KTvlofO1UBtWaXbfnYsvgFFCDQs1B9bM/jEUaYkRCcWN6jp2QO+WapFA4q/RTgwkXYz7CXoYRD9G40/muM3bix5pRgGz+/p2d8tCYSehlmZBTYBa9fPif10vJv3KnMkpSwkhkkczzU8UoZnllNpQaBalJBlxomW3JRMA1F5QdJq/vLJZdhvZZ3bmon9+f1xo3xSHKcATHcAoOXEID7qAJLRAQwDO8wbs1sp6sF+v1J1qyij+H8EfWxzfubIsj</latexit>

k = 1
<latexit sha1_base64="qgdfIdncQfHx+zfNkqD8qkISYBU=">AAAB5XicbZDNSsNAFIVv6l+tf1WXbgaL4KokRdSNUHTjsoL9gTaUyfSmGTvJhJmJUEIfQVei7nwhX8C3MalZaOtZfXPPGbjnerHg2tj2l1VaWV1b3yhvVra2d3b3qvsHHS0TxbDNpJCq51GNgkfYNtwI7MUKaegJ7HqTm9zvPqLSXEb3ZhqjG9JxxH3OqMlHD1eNyrBas+v2XGQZnAJqUKg1rH4ORpIlIUaGCap137Fj46ZUGc4EziqDRGNM2YSOsZ9hREPUbjrfdUZOfKmICZDM37+zKQ21noZelgmpCfSilw//8/qJ8S/dlEdxYjBiWSTz/EQQI0lemYy4QmbENAPKFM+2JCygijKTHSav7yyWXYZOo+6c18/uzmrN6+IQZTiCYzgFBy6gCbfQgjYwCOAZ3uDdGltP1ov1+hMtWcWfQ/gj6+Mb7mqLIw==</latexit>

j = 2
<latexit sha1_base64="KbQSP2R3qeOVAOhKyimBGjvPIHg=">AAAB63icbZDNTsJAFIVv8Q/xD3XpZiIxcdW0QrTsiG5cYiI/ERoyHaYwYaZtZqYmpOEpdGXUnW/jC/g2DtiFgmf1zT1nkntukHCmtON8WYW19Y3NreJ2aWd3b/+gfHjUVnEqCW2RmMeyG2BFOYtoSzPNaTeRFIuA004wuZn7nUcqFYujez1NqC/wKGIhI1ib0YNj16tVr+551UG54tjOQmgV3BwqkKs5KH/2hzFJBY004Vipnusk2s+w1IxwOiv1U0UTTCZ4RHsGIyyo8rPFxjN0FsYS6TFFi/fvbIaFUlMRmIzAeqyWvfnwP6+X6tDzMxYlqaYRMRHjhSlHOkbz4mjIJCWaTw1gIpnZEpExlphoc56Sqe8ul12F9oXtXtq1u1qlcZ0foggncArn4MIVNOAWmtACAhE8wxu8W8J6sl6s159owcr/HMMfWR/fldqMjQ==</latexit>

0.93389883

<latexit sha1_base64="aZCD6ntw3sCCg2AjZoyH8vp5qts=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJiLoRim5cVrAXaEOZTE+aoZMLMydCKX0EXYm684V8Ad/GpGahrf/qm/P/A+c/XqKkIdv+skorq2vrG+XNytb2zu5edf+gbeJUC2yJWMW663GDSkbYIkkKu4lGHnoKO974Nvc7j6iNjKMHmiTohnwUSV8KTvlofO1UBtWaXbfnYsvgFFCDQs1B9bM/jEUaYkRCcWN6jp2QO+WapFA4q/RTgwkXYz7CXoYRD9G40/muM3bix5pRgGz+/p2d8tCYSehlmZBTYBa9fPif10vJv3KnMkpSwkhkkczzU8UoZnllNpQaBalJBlxomW3JRMA1F5QdJq/vLJZdhvZZ3bmon9+f1xo3xSHKcATHcAoOXEID7qAJLRAQwDO8wbs1sp6sF+v1J1qyij+H8EfWxzfubIsj</latexit>

k = 1
<latexit sha1_base64="xQ8L/BhdS2EbOVdLFEt84EMloZQ=">AAAB53icbZDLTsJAFIZP8YZ4Q126mUhMXJGWEC8LE6Ibl5gIkkBDpsMpDEwvmZmakIZn0JVRd76PL+DbOMUuFPxX35z/n+T8x4sFV9q2v6zCyura+kZxs7S1vbO7V94/aKsokQxbLBKR7HhUoeAhtjTXAjuxRBp4Ah+8yU3mPzyiVDwK7/U0Rjegw5D7nFFtRu3xVc2+LPXLFbtqz0WWwcmhArma/fJnbxCxJMBQM0GV6jp2rN2USs2ZwFmplyiMKZvQIXYNhjRA5abzbWfkxI8k0SMk8/fvbEoDpaaBZzIB1SO16GXD/7xuov0LN+VhnGgMmYkYz08E0RHJSpMBl8i0mBqgTHKzJWEjKinT5jRZfWex7DK0a1XnrFq/q1ca1/khinAEx3AKDpxDA26hCS1gMIZneIN3i1tP1ov1+hMtWPmfQ/gj6+Mb1zyLoA==</latexit>

j = 209
<latexit sha1_base64="uPJzLoCF6h+UBpY7wnMPc6AAfok=">AAAB63icbZDNTgIxFIU7+If4h7p000hMXE1mgAjsiG5cYiI/ESakU+5AQ6czaTsmZMJT6MqoO9/GF/BtLDgLBc/q6z2nyT3XjzlT2nG+rNzG5tb2Tn63sLd/cHhUPD7pqCiRFNo04pHs+UQBZwLammkOvVgCCX0OXX96s/C7jyAVi8S9nsXghWQsWMAo0Wb04Nrlaq1eaVQaw2LJsZ2l8Dq4GZRQptaw+DkYRTQJQWjKiVJ914m1lxKpGeUwLwwSBTGhUzKGvkFBQlBeutx4ji+CSGI9Abx8/86mJFRqFvomExI9UaveYvif1090UPdSJuJEg6AmYrwg4VhHeFEcj5gEqvnMAKGSmS0xnRBJqDbnKZj67mrZdeiUbffKrt5VS83r7BB5dIbO0SVyUQ010S1qoTaiSKBn9IberdB6sl6s159ozsr+nKI/sj6+AY5BjIg=</latexit>

1.24783939

. . .

. . .

. . .

II Workshop de Investigación del Centro de ESenCIa. Valencia, April 2026, Spain.                                                                                                                     Lacruz, E. & Casanova, D.



In progress

Analysis of the 
results
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Distribution at the Jupiter

•  Execute each bin [Trojans and Greeks]  

•  Trojans  =  9744  distributed across 60 bins 
•  Greeks =  5561  distributed across 54 bins 

•   Threshold distance analysis  

•   Trojans =  60 bins [determined 60  distributions and    ] 

•   Greeks =  54 bins [determined 54  distributions and    ]

<latexit sha1_base64="uqqXjOL8BwTn6obMez3yXbpkyYU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQ9Ql0Y1LTCyQQEOmwy2dMO00M1MTQngFXRl15wP5Ar6NA3ah4Fl9c8+Z5J4bZoJr47pfTmltfWNzq7xd2dnd2z+oHh61tcwVQ59JIVU3pBoFT9E33AjsZgppEgrshOPbud95RKW5TB/MJMMgoaOUR5xRY0d+X8WSDKo1t+4uRFbBK6AGhVqD6md/KFmeYGqYoFr3PDczwZQqw5nAWaWfa8woG9MR9iymNEEdTBfLzshZJBUxMZLF+3d2ShOtJ0loMwk1sV725sP/vF5uoutgytMsN5gyG7FelAtiJJl3JkOukBkxsUCZ4nZLwmKqKDP2MhVb31suuwrti7p3WW/cN2rNm+IQZTiBUzgHD66gCXfQAh8YcHiGN3h3YufJeXFef6Ilp/hzDH/kfHwDZsOMDw==</latexit>ω
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Distribution of Semi-major axis by Bin [Trojans]

5.1 5.2 5.3

2

4

6

8

10

5.0 5.1 5.2 5.3

1

2

3

4

5

6

7

5.1 5.2 5.3 5.4 5.5

2

4

6

8

4.9 5.0 5.1 5.2 5.3

2

4

6

8

II Workshop de Investigación del Centro de ESenCIa. Valencia, April 2026, Spain.                                                                                                                     Lacruz, E. & Casanova, D.



Distribution of Semi-major axis by Bin [Greeks]

XXIII Workshop in Celestial Mechanics. Vila Nova de Cerveira, June 2024, Portugal.                                                                                                                                          Lacruz, E.
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Leadership and Associated Objects (LAO)

Bin #12.   n= 167 objects.
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Threshold distance is 
determined by a Weibull 
distribution density.
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ω12 = 2.0ε12 = 0.5

<latexit sha1_base64="DjteRpxQYkOfZkm0heeIHQThWhs=">AAAB+HicbZC7TsMwGIWdcivlFkBMLBYVElOURC1lQSqwMBaJXqQmihzXaa3aSWQ7SCXqu8CEgI3n4AV4G9ySAVrO9Pk/x9L/nzBlVCrb/jJKK6tr6xvlzcrW9s7unrl/0JFJJjBp44QlohciSRiNSVtRxUgvFQTxkJFuOL6Z+d0HIiRN4ns1SYnP0TCmEcVI6VFgHnk8C3LHnV7WLdd2G3Xowat2YFZty54LLoNTQBUUagXmpzdIcMZJrDBDUvYdO1V+joSimJFpxcskSREeoyHpa4wRJ9LP5+tP4WmUCKhGBM7fv7M54lJOeKgzHKmRXPRmw/+8fqaiCz+ncZopEmMd0V6UMagSOGsBDqggWLGJBoQF1VtCPEICYaW7qujzncVjl6HjWs65VburVZvXRRFlcAxOwBlwQAM0wS1ogTbAIAfP4A28G4/Gk/FivP5ES0bx5xD8kfHxDWsrkOU=</latexit>

µ12 = 5.20275 AU
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Leadership and Associated Objects (LAO)
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Leadership and Associated Objects (LAO)

Leader

Associated

No associated
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Leadership and Associated Objects

Thanks
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