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‘*Easymodel

e(t) = X(t), X(t) = -r% z(t) +P(t), |
\ I

‘/f I —— N
! * Solution

| Gpe = {a, e, 1, Q, w, 1'} 4
}

€9

| ™ Solution (step integration )

|
I

| ouclt) = {alt), e(t), i®), 1), w(®), 7O} |

;:_' e = —— = —_—— - ——
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* Example: a propagation over 10 years by second.

* One object (Asteroid, Space Debris, other) Size
t :
00, — Uizoaoe(z) card(co,) = ||0oel|| X Np
8 . R 4
g0, — U?':10536X10 Toe (z) card(cp,) = 1.89216 x 10
é pO;a N. card(co, )

P
1 | 3.1536 x 107

1.89216 x 108

2 | 6.3072 x 107

3.78432 x 10°®

5 | 1.5768 x 10°®

9.4608 x 10°

8 | 2.52288 x 108

1.513728 x 10°

12 | 3.78432 x 10°

2.270592 x 10?

15 | 4.7304 x 10°

2.83824 x 10”

20 | 6.3072 x 108

3.78432 x 10°

70 | 2.20752 x 10°

1.34512 x 1010
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*Classification of the variables and their associated parameters for the system of differential equations

defined

Type | Sets | Variables
Kepler O oex) a, e, t, 2, w, T
Delaunay Ooe M, g, 2, Lg, G, Hyg

Whittaker O oe r,0, v, R, O, N

Poincaré Ooep AMs 9ps hpy Ly, Gy, Hy,

Milankowvitch Ooepn H. e, L

& quinoctial | Ooe) | n, af, Qg, L, X, ¥
TLE | ﬁ'tk‘a €tk ?:tka tha Wtk Mtk

| Yoe(rce)
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Orbital Dynamical Models
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LisJupiter, | . . .
/,@0 ; Orbital Keplerian model : Sun-Jupiter
60" ™12 ;‘
i .
| . | . : v
’ ™~ =X, X=-—z,
ol | rs
aphelion b i perihelion
of Jupiter { 7 " of Jupiter
./”'/'“W | .
- Orbital Perturbed model
Sun-Jupiter-Asteroid.
Jupiter’s orbital plane
J. Slfz-Balogh et al. (2023)
. r = X,
Z+ p— =P, -
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In L5 there are 9744 objects cataloged
g until 2025

*Jupiter Trojan population.

In there are 5561 objects cataloged
until 2025

Jupiter Greek population.

* Except for Pratroclus (Greek), who is at L5, and Achilles (Trojan) is at
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Nasa Vet Propulsion Laboratory Solar System Dynamics
.~ Jo  California Institute of Technology . . 44

Date: 20050427

Take into account the Sun-Jupiter-Asteroid problem.

There are 15311 objects cataloged as Jovians ITrojans until 2025.

Jupiter Trojans are populations that orbit around the L4 and L5
Lagrange points of Jupiter, which are located 60° Iin front of and :
behind Jupiter, respectively.

<>
. N 'l”'
Exdth; hMercury

They are contained within Jupiter’s 1:1 mean motion resonance,
with Jupiter having a semimajor axis of 5.2 au

Jorba, Nicolas & Rodriguez, (2024).

A dynamical study of Hilda asteroids in
the Circular and Elliptic RTBP

Petr Scheirich, 2005

Scheirich, 2005
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Orders of magnitu

perturbations
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~ Which orbital dynamical models are being considered? |

F=ag, +a, +a, p = {Jupiter, Saturn, Uranus, Neptune

2
fo_lsml g PoF T, g | Ml B (32
B e, - A 273 P2
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J. Slfz-Balogh et al. (2023)
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G. M. Szabo et al.(2007)
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T. R. Holt et al.
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Distribution of Jupiter’'s Asteroids

. Jupiter’s LyJovian Trojans
| . / O .
0.25! - Jupiter’s LsJ ovian Greeks _
| _ Tisserand Criterion o
0.20¢ |

Eccentricity
o
&

0.10¢ :

0.05} ~

0.00————————

4.6 4.8 5.6
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Tisserand Criterion

This equation defines a
locus In the (a, e) phase
space.

Lacruz, E. & Casanova, D.
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* Determine leaders and associated objects: TrOJan and Greek Camps J

E— F— , e e i —— s — —

1.- Data (https://ssd.jpl.nasa.gov/planets/orbits.html)
1.1 Jupiter Trojan Clouds (Tojan Camp and Greek Camp) ‘

———— N — o — ) = - = = S = = = » - P e

—__S_B__l—A — . ————————— e - —_——— — = - S— e - _ —samtafl e e j

ropagalon
\ 2 1. Orbital model that represents the orbital dynamics as accurately as possible. ‘
- 2.2. Propagator (Tool) named OrbitSAT (Abad & Lacruz, (2013)) to obtain discretized perturbed orbits. !

2 3 Solver the Kepler equatlon (Calvo et.al (2026)) -> Padé and Hermlte approxma’uons

3.- Algorlthms:
3.1. Computation of the maximun of the minimun distances between each pair of dicretized orbits
(Lacruz & Casanova, (2024), Lacruz & Casanova, (20206)).

|
|
“?
|
J
|
|
|
J |

‘4.- Metric: I
4.1. Determine a threshold distance which will allow us to identify the potential leaders and the pieces l
associated with them. Statistical Spatial Distribution. J
|

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Lacruz, E. & Casanova, D.



2.3. Use the JPL ephemerides (this is incorporated into OrbitSAT )

2.4. Time-Discretized Orbits with daily step.

Orbital Period
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WID a (AU),e,1 (de-) Omega (deg),omega (deg),nu_or M (deg),P (da s) ) |

e

—

Mzeeeesas 5.21400,0.14840,10.32000,316.54000, 134.11000, 60. 37000, 4359 00000 l

20000628, 5. 27000 0 02020 10, 10000, S22 . oooor oo rooo0, 44000 ‘:’f.:c::w
) 20000659 5.17000,0.11570,4.52000,350.76000,343.83000,165.81000, 4290 00099\
20000911 5.28600,0.06720,21.76000,338.02000,82.36000,86.09000,4440.00000 l
| 20001143,5.22900,0.09050,3.14000,221.23000,238.60000,35.98000,4370.00000 |

— 15311 | ]
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 PKJ2SMI_OE_00001_G1SatCat01052025.txt

| PKJ2SMI_OE_00002_G1SatCat01052025.txt |
| PKJZSMI _OE_00003_G1SatCat01052025.txt
n PKJ2SMI_OE_00004_G1SatCat01052025.txt |
‘! PKJ2SMI_OE_00005_G1SatCat01052025.txt

:) 15311}

PKJ2SMI_OE_00001_G1SatCat01052025.txt

31,557,600 x 12

0.000000

220.000000

-3.960837

-3.960747

1.865224

1.887905

1.795417 -0.003728 -0.007289 0.000413 4.976397

1.797357 -0.003755 -0.007267 0.000424 5.632225
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Computational
Time-Cost-Efficiency
Time- Complexity
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r ~ SEQUENTIALFORM

Objects Ephemerides (Rows) Position (3), Velocity (3),
| Orbital Period (1), Time (1).

|
15311 65.837.300 4.608.861.100

PARALLEL FORM (OpenMP)
Position (3), Velocity (3),

Objects Ephemerides (Rows)
| Orbital Period (1), Time (1).

15311 65.837.300 4. 608.861.100

|
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Time-CPU.

" 54mm 36ss

Kernel-CPU

4 Efficiency |

|
4 Performance *

| |
!
|
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There are a dependency between both orbital elements:

secular resonance rig = {2 — sg = 0.
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Discretizing into bins
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Distribution of Jovian Trojans

. Jupiter’s LyJovian Greeks
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Discretizing into bins

Lacruz, E. & Casanova, D.



Distribution by RANN |Troj ans]

Bins rule
0% Sturges:
150} Bsi = k +log n|.
| Rice:
B Br =2 ¢n.
A

0 10 20 30 40 5650 60 /0 80 90 100 110
#Binning |deg|
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Distribution by RANN |Greeks|

140
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100}

Frequency
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Orbital Pair
Discretization
Method

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Lacruz, E. & Casanova, D.



1.- Propagate two asteriod  objects during one period (OrbitSAT- GME - Unizar)

Of: (tlarl)a (t2ar2)7 (t37 I‘3), .y (tna rn)
Oz2: (tla r1)7 (t27r2)7 (t37 I'3), » v 0 g (tna r'n,)

T e T e - 2T

< Orbits |

r———— ==

2.- We compute the following minimum distances:
m1 = min{d(ri1,r1),d(r1,r2),d(r1,r3),...,d(r1,r,)} = min{d(r1,02)}
mo = min{d(rgz,r1),d(r2,r2),d(re,r3),...,d(rz2,r,)} = min{d(rz,02)}
ms3 = min{d(r3,r1),d(rs,r2),d(rs,r3),...,d(rs,r,)} = min{d(rs, 02)}
my = min{d(rn,r1),d(rn,r2),d(rn,r3),...,d(rn,rn)} = min{d(r,, 02)}
3.- We compute the maximum of the minimums:

M = max{mi, ma,m3,..., My} < Maximun |

R
—

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Lacruz, E. & Casanova, D.



Bin # 30. n= 209 objects.

INput
Ephemeris files

ey = . — —1

[ -
' PKJ2SMI_OE_00001_TJSatCat01052025. txt j{l

 PKJ2SMI_OE_00209_TJSatCat01052025. txt
- »
%

DMm_00001 _TJSatCat01l052025.txt

k=1 j5=2 0.93389833

k=1 7 =209 1.24783939

Method

n
IDNﬁnﬁ=I£ax7nk
~1

— m—
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l

PKJZSMI OE _00001_ TJSatCat01052025 txt t

PKJ2SMI_OE_00002_TJSatCat01052025. txt ‘
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Analysis of the
results
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* Execute each bin [Trojans and Greeks]

* Jrojans = 9744 distributed across 60 bins
* Greeks = 5561 distributed across 54 bins

* Threshold distance analysis
* Trojans = 60 bins [determined 60 distributions and p |

* Greeks = 54 bins [determined 54 distributions and p |

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Lacruz, E. & Casanova, D.



Semi major axis

Semi major axis
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log PDF

log PDF

Semi major axis
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Bin #12. n= 167 objects.

Semi major axis

| I Threshold distance is
1 — . determined by a Weibull
ilfﬂmms distribution density.
st | Normal Distribution
=N u1s = 5.20275 AU
2
| P12 = 2.0019 = 0.5
| “ |
1 : h = |

5.0 5.1 5.2 5.
a |[UA]
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Associated Objects

Leadership and Associations of Trojan [Bin #12]

167

— —
O o O N

B

)

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Leadership Possible Lacruz, E. & Casanova, D.
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2009 UN87 5.313 0.101 .6 70.8

2014 EX16 5.193 0.078 .7 70.8

2003 GL21 5.233 0.037 .8 71.2

2013 C0255 5.210 0.035 .6 67.0

2014 FW2 5.221 0.121 .6 70.2

Assocad 2010 UK97/ 5.173 0.140 .9 69.7
e 2020 QY92 5.207 0.139 . 8 67.9
2020 RU86 5.323 0.062 .4 68.6

2021 TO75 5.282 0.085 .5 67.4

2021 TN155 5.242 0.081 8.3 69.4

2021 US120 5.186 0.114 9.0 66.4

2021 VN17 5.135 0.094 8.7 71.7

2009 SV361 5.210 0.152 14.4 265.3

2009 TZ24 5.199 0.079 9.6 45.9

Il Workshop de Investigacion del Centro de ESenCla. Valencia, April 2026, Spain. Lacruz, E. & Casanova, D.



Distribution of SD
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Semimajor axis |km]
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